Lecture 4. Operations on matrices and linear transformations

D_e(i Given an mx@® motrix A and an @xL watrix B, {heir product AB

is the matrix lew columns AE) AE;)‘”,F\E w\/\ere E\E;, "'.E are

the columns of B.
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Note (1) The product AB is an mx{ matrix.

() Tn generol, AB and BA may be uvxeaoua\ even if both products

are well-defined.
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(3) The product of two nonzero matrices moy be zero.
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Prop  For arbitrary matrices A, B, C, the \Co\\owmg identities hold

as long as all relevant operations are well-defined.
() A(BC)=(AB)C
(2 A(B+C)=AB+AC
(3) (A+B)C =AC+BC

Note We con add matrices of the some size.
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Del A square mafrix is a wafrix with the some number of rows

QV\& CO‘UW\V\S .

eg. Ixl matrices, 2x2 watrices, 3x3 wafrices, -

i)
numbers

Note For a square watrix A, s powers are well-defined.
eq A=AA, A=AAA, -
% Tn foct, oll of s powers hove the same size.

Thw Given linear transtormations T:[R'—R" and S R'— R
with stondard watrices A ond B, their composition TeS s

o lnear tronstormation with standard wotrix AB

PT TeS(X) = T(SIX)) =T(BX)=A(BX)=ABX



Ex Find the stondard matrix of fhe linear transformation 1 : IR — IR
which first rotates each vector obout the origin through Ié rodions
then reflects each vector through the line y=x.

Sol T is the composition of the following linear transtormations :
v the rotation Ti obout the origin through Ié rodians |
v the reflection T through the line y=x.
The standard wotrices of T, and T, are
O pritepti] ENIER Y
os seen in Lecture 6.

= 1 = T,°T, has stondord watvrix

_o COS (T, =-Sin(Tr
ALA, l}{c}(%) & 1/6)}

Ll O SIN(T/6) Cos(T/e)

The ovder is
Tmporfonr \-

[ 0 cos(/e)+ | -8in(T/6) O (-sin(Tr/e)) + | - cos (T/6)
i | -cos(m/g)+0O-sin(m/e) | -(—sm(Tr/e))JrD-cos(W/@)
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Note We can get the same answer by directly computing the columns

TE) and T(E).

Sin(T/6) oS (T/e)
Cos (T/6) —Sin(T/6)




Appendix  Sine/cosine summation formula
siﬂ(ok+(5):sino<-c05(5+ coso(-sm(g
coS(o(+(5):cos A - COS(}- Sin A - 8in (2,
pt Consider the following  linear transtormations on IR -

v the rotation T, obout the origin through o radians
« the rotation 1, obout the origin Jr\/\\roua\n B rodions |
The standord motrices of T, and T, are
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= The stondord wmotrix of T,oT, is

- [ cos ol -sin o(Mcos@ ~sin (5}

i sin ol cos A sin (% CoS (5

_ _cosok-cos@—smo(‘sin(g —cosok-sin(s+sino<-c05(5
LSW\O(-COS(&-{-COSO(‘SM(B —sino(-sin(g+coso<~c05(5

Moreover) Tio 12 is the rotation obout the origin Jr\/\roua\/\
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= The standord watrix of T, is
- [cos(ow(g) —sm(ow(sy}

sm(ow(gy Cos(o(Jr(?,)

cos(o(Jr(%):cos K - COS(%— Sin A - sm(g
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sm(ow(g):sm A - Cos[3+ CoS A - sm(g



